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Flow Model for Predicting Normal Shock Wave
Induced Vortex Breakdown
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An analytical study of normal shock wave induced vortex breakdown has been undertaken. In this inviscid
axisymmetric analysis, the response of supersonic streamwise vortices to imposed normal shocks has been deter-

mined by modeling the rotational core of the vortex as a slender, swirling layer. For vortex/shock combinations
of increasing strength, the analysis predicts an ever increasing axial velocity de® cit in the vortex core. Vortex

breakdown is presumed to occur if a vortex/shock combination leads to ¯ ow stagnation at the vortex axis. The
results of this study indicate that an inverse relationship exists between vortex swirl and freestream Mach number

at breakdown. The breakdown limit curve generated using this analysis shows good correlation with established
experimental results, indicating that the onset of normal shock wave induced vortex breakdown can be predicted

with a relatively simple ¯ ow model and without recourse to numerical simulation. Interpretation of some normal
shock wave/vortex interaction experiments in light of the predictions suggests that the phenomenon previously

known as supersonic vortex distortion is a form of vortex breakdown.

Nomenclature
a = speed of sound
c = factor relating the swirl velocity before

and after the shock
D = 0.5( c ¡ 1)/ a2

t

k = [2 + ( c ¡ 1)M2
1 ]/ ( c + 1)/ M2

1

M = Mach number
P = pressure
R = vortex core radius
r = radius
S = vortex swirl parameter, C / RU 1U = axial velocity
u, v, w = velocity components
V = p (u2 + v2)
x , y, z = Cartesian coordinates
a = vortex generator angle of attack
C = circulation
² = K 2

3 = K 2
1c

2

K = swirl velocity at the edge of the vortex core
k = U 2

3 ¡ U 2
30 + ²

q = density
s = vortex swirl ratio, K / U
x 0 = (Pt0 ¡ P0)/ Pt0

Subscripts

ax = axial component
R = condition at the edge of the vortex core
sw = swirl component
t = stagnation conditions
0 = condition at the vortex axis
1 = station upstream of the shock
2 = station just downstream of the shock
3 = station a moderate distance downstream of the shock

1 = freestream
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Introduction

A CHARACTERISTIC of vortex cores with axes roughly par-
allel to a surrounding ¯ ow is the tendency for abrupt burst-

ing or breakdown in the presence of certain decelerating in¯ u-
ences. Studies of the ¯ ow® elds generated by these encountershave
been reported by many investigatorssince the late 1950s, including
Lambourne and Bryer,1 Harvey,2 Faler and Leibovich,3 Sarpkaya,4

and Delery et al.,5 to name a few. This phenomenon, which has be-
come known as vortex breakdown, is generally characterized by a
sudden increase in the size of the vortex core, appearance of stag-
nation point(s) on the vortex axis, a reversed ¯ ow region, and the
presence of large-scaleunsteadiness. It is an important ¯ ow feature
in such diverse areas as low-speed combustion and the stability of
high-speed aircraft.

As the body of knowledge concerning vortex breakdown has
grown, it has become apparent that the phenomenon can take on
many differentforms. The major factors that in¯ uencevortexbreak-
down may be separated into the following four groups: 1) the
velocity distribution in the vortex upstream of breakdown, 2) the
strength and geometry of the decelerating in¯ uence, which gener-
ally takes the form of an externally imposed adverse pressure ® eld,
3) Reynolds number effects, and 4) compressibility effects.

Theoretical treatmentsof vortex breakdownhavedealt almost ex-
clusively with incompressible ¯ ows up to the present day. Whereas
compressibility effects have been known to be important, partic-
ularly in high-speed ¯ ows, the added complexity of dealing with
compressibilityhas sti¯ ed productionof useful results from theoret-
ical analyses that include its effects. The focus of the currentwork is
to develop a simpli® ed physical model for the interaction between
a normal shock and a streamwise vortex, a ¯ ow in which com-
pressibility effects are paramount. This ¯ ow problem, known in the
literature simply as normal shock wave/vortex interaction (NSVI),
has recently been examined using both experiment and numerical
simulation. However, detailed theoretical analyses are scarce.

The most comprehensive study of NSVI up to the present was
performed by Delery et al.,5 who examined the interactionbetween
uniform axial velocity vortices and normal shocks generated by
a pitot type inlet. In this combined experimental/numerical study,
laser Doppler velocimetry and multihole conical probe measure-
mentswere reportedbeforeand after the shock,indicatingthatNSVI
involving vortices above a certain strength led to vortex breakdown
characterized by reverse ¯ ow on the vortex axis, reduction in the
maximum swirl, and an increase in the radius of the vortex core.
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A vortex breakdown limit was developed using the results of these
experiments,indicatingan inverse relationshipbetweenvortexswirl
and shock strength at breakdown. The companion numerical study,
which solved the axisymmetric Euler equations, produced a simi-
lar breakdown limit to the experiments, indicating that the onset of
vortexbreakdown is dominatedby inviscidconsiderationsin this in-
stance. In contrast to the success in predicting the breakdown limit,
these Euler simulations were not able to accurately calculate the
observed ¯ ow structure after breakdown.

The interactionof normal shock waves with wakelike supersonic
vortices generated by a swirling vane injector was studied experi-
mentally by Metwally et al.6 and Cattafesta and Settles.7 Both stud-
ies reported a strong in¯ uence of vortex swirl and Mach number on
the interaction, a vortex breakdown, and an oscillating bulged for-
ward shock.The interactionof wakelikesupersonicwing tipvortices
with normal shock waves generated in front of a pitot type inlet was
experimentallyinvestigatedby Kalkhoranet al.8 These experiments
indicated that NSVI involving moderate strength vortices leads to
the formation of an unsteady conical shock wave far upstream of
the inlet, which contains a conical ¯ ow with two distinct zones.
This ¯ ow structure was noted to be identical to the vortex distortion
observed in the head-on interaction of supersonic wing tip vortices
with wedge leading edges reported by Kalkhoran.9

Numericalsimulationof theNSVI problemis not extensive,partly
due to thedif® cultyof calculatingtheunsteadybreakdown¯ ow® eld.
Apart from the Euler simulationsof Ref. 5 alreadymentioned,Ref. 6
reportedaxisymmetricNavier±Stokes simulations,which generated
a similar structure to that instantaneouslyobserved to occur in the
more severe experiments.These calculationspredicted a stagnation
point on the vortexaxis and, therefore,were characterizedas depict-
ing a vortex breakdown. In addition, a recent study by Erlebacher
et al.,10 using the time-dependentEuler equations,reporteda break-
down structure that exhibited substantial upstream in¯ uence.

The current investigation involves an analytical study of NSVI
using a relatively simple ¯ ow model. This ¯ ow model is used to
calculate the response of a streamwise vortex to an imposed nor-
mal shock and, further, to predict the onset of vortex breakdown
in NSVI. It has been attempted to simplify the model as much as
possible while retaining the physical mechanisms that are expected
to dominate the prebreakdown shock/vortex interaction ¯ ow® eld.
The breakdown limit predicted using the analysis is compared with
both experimental data and numerical simulation.

Theoretical Explanations of Vortex Breakdown
A number of different theories concerning the physical nature

of vortex breakdown have been proposed over the years, the most
prominent of which are described in review articles on the subject
by Hall,11 Leibovich,12 and Delery.13 The overwhelming majority
of these theories fall into one of the following three categories, the
basic ideas of which were described in Hall11 as follows.

1) The phenomenon is analogous to the separationof a boundary
layer.

2) The phenomenon is a consequenceof hydrodynamic instabil-
ity.

3) The phenomenon depends on the existence of a critical state.
Interestingly,predictionstabulated in Delery13 from all three cat-

egories supply a similar critical value for the vortex swirl parame-
ter, S = C / RU 1 , above which an incompressiblestreamwisevortex
with typical axial and swirling velocity pro® les cannot exist. In the
context of a streamwise vortex that encounters an adverse pressure
® eld, breakdown is then predictedby these theorieswhen the vortex
swirl parameterlocallyreachesthecriticalvalue.Note that, although
the overwhelming majority of these theories supply predictions for
the onset of vortex breakdown, they do not enable calculationof the
postbreakdown¯ ow® eld. Furthermore, almost all of these theoreti-
cal works have been restrictedto an incompressible¯ uid and are not
necessarilyapplicable to high-speed ¯ ows, particularlywhen shock
waves are present.

The NSVI analysis presented in the current article is based on the
idea listed as category 1, i.e., that the occurrence of vortex break-
down is a dynamicphenomenonsimilar to the separationof a bound-
ary layer. The physical reasoning behind this idea was described in
Ref. 11. It is based on the fact that vortices are regions of low total

pressure relative to the surrounding ¯ ow and, hence, are more eas-
ily brought to rest by an applied pressure gradient. To elucidate the
particularprocess by which this occurs in an incompressiblevortex,
the quasicylindricalequations were used in Ref. 11 to show that an
externally applied axial pressure gradient is magni® ed at the vortex
axis. This magni® cation of externallyappliedpressure ® elds, which
is peculiar to vortices, was considered by Hall11 to be the driving
force toward ¯ ow stagnation on the vortex axis and the subsequent
breakdownof the vortex structure.The NSVI ¯ ow® eld is examined
in the current work to see if these same physical mechanisms apply
when a normal shock wave is imposed on the vortex.

Flow Model for Predicting Normal Shock Wave
Induced Vortex Breakdown

The aim of the following analysis is to determine the streamwise
vortex strengthabove which the imposition of a normal shock wave
leads to vortex breakdown. As the presence of a stagnationpoint on
the axis of a streamwise vortex is one of the major characterizing
features of vortex breakdown, the predicted presence of zero axial
velocity at the vortex axis is considered to be an indicator of vortex
breakdown.To achieve the aforementionedaim, establishedknowl-
edge concerning the response of streamwise vortices to imposed
shock waves has been utilized. This has enabled the development
of a relatively simple ¯ ow model for predictingnormal shock wave
induced vortex breakdown.

Streamwise vorticesgenerally result from the separationand sub-
sequent rollup of boundary layers. Any number of geometrical con-
® gurationsmay generatestreamwisevortices in highReynoldsnum-
ber ¯ ows; however, a moderate distance downstream of separation
most streamwise vortices develop into a slender swirling ¯ ow with
minimal streamwise development and nearly axisymmetric shape.
In a typical streamwise vortex, the radial velocity is small; the ax-
ial velocity may be wakelike, uniform, or jetlike (depending on the
method of generation); and the swirl velocity is similar to that of
a Burgers’ vortex. The universality of the fully developed form ex-
hibited by almost all streamwise vortices suggests that this form
is a stable solution of the Navier±Stokes equations for a region of
concentrated vorticity convecting within a relatively uniform ¯ ow
at high Reynolds number. A number of analytical studies have also
indicated this fact.14, 15 In the remainder of the article, this form will
be referred to as that pertaining to a fully developed vortex.

Now consider the case where a fully developedstreamwisevortex
encounters an externally imposed normal shock. Given the afore-
mentioned stability of the fully developedvortex form, it is reason-
able to expect that a moderatedistancedownstreamof the shock, the
vortex will return to this form as long as it does not undergoa catas-
trophic ¯ ow reorganizationsuchas vortexbreakdown.Experimental
work may be cited as evidence of this tendency of perturbed vor-
tices to return to fully developed form. In the experiments reported
in Ref. 5, it was observed that in the absence of vortex breakdown,
ª the general structureof the vortexundergoesno basic change when
passing through the shock.º In particular, the downstream ¯ ow was
found to retain a regular shape, with the swirl velocity distribution
remaining practically invariant, but with the axial velocity compo-
nent at the vortexaxis droppingbelowthe freestreamvalue to form a
wakelikepro® le. The resultspresentedin Ref. 5 clearlyshowed that,
in the absence of vortex breakdown, vortices reform in the manner
suggested even after the abrupt disruption of an imposed normal
shock.

In light of these ideas, a ¯ ow model for the response of a su-
personic streamwise vortex to an imposed normal shock that does
not cause vortex breakdown is presented in Fig. 1. Consider a fully
developed streamwise vortex with typical axisymmetric velocity
pro® les being convected within a surrounding uniform stream. At
some streamwise station, a normal shock is imposed on the vortex.
Because of the entropy variations inherent in the vortex, the shock
cannot remain normal in the viscous core and must curve forward,
as shown in Fig. 1. It will, however, return to being normal to the
¯ ow at the vortex axis to maintain symmetry. A moderate distance
downstreamof the shock the vortex will have an increasedcore size,
a reduced swirl magnitude to conserve angular momentum, and an
axial velocity pro® le that is more wakelike than before the distur-
bance. In addition to these characteristics, it is assumed that the
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Fig. 1 Flow® eld model for NSVI that does not lead to breakdown.

swirl distributionof the disturbed vortex returns to fully developed.
Along with the choice of a sensible pro® le for the postdisturbance
axial velocity, this assumption enables closure of the downstream
¯ ow properties by straightforward integration of the conservation
equations across the vortex core.

The ¯ ow modelofFig. 1 can be used to determinethe effectof im-
posedshockson a given streamwisevortex.Alternatively,the model
can be used to assess the response of different vortices to a given
shock wave. In a manner similar to results reported in Ref. 5, the
current ¯ ow model indicatesthat an increase in the magnitudeof the
imposed pressure rise or vortex circulation leads to an ever increas-
ing axial velocityde® cit downstreamof the shock. Furthermore, for
certain combinations of strong vortices and/or intense shocks, the
¯ ow model predicts stagnation of the ¯ ow at the vortex axis. As
a stagnation point is one of the de® ning characteristics of vortex
breakdown, its predictionby the current ¯ ow model for a particular
vortex/shock combination is interpreted to be an indication that the
vortex/shock combination leads to vortex breakdown.

The physical mechanism that leads to vortex breakdown in this
instance is quite straightforward. Just behind the shock, the vortex
structure is determined by its upstream properties and the shock
shape, i.e., its structure can be quite different from a fully devel-
oped form. It responds to this situation by relaxing toward a fully
developed vortex form that matches its new external conditions. In
somecases the imposedchange is sogreat (or the vortex is so strong)
that, in the process of adapting to the new external conditions, the
inner portion of the vortex core (which can be a region of very low
total pressure) is stagnated. Once the vortex stagnates at its axis,
its entire structure becomes unstable, and it then suffers a major
reorganizationor breakdown.

Breakdown Limit for NSVI
A breakdown limit curve for supersonic streamwise vortices in

the presence of externally applied normal shocks is developed in
this section. This limit is generally applicable to a free vortex, i.e.,
a vortex that is not con® ned in the radial direction. In the analysis,
the working ¯ uid is assumed to be a perfect gas with constant ratio
of speci® c heats c ; the vortex core and the surrounding stream
are assumed to have a uniform stagnation enthalpy; and stagnation
pressureis assumedto remainconstantalongeachstreamline,except
when crossingthe shock.For simplicityof presentation,the analysis
is applied using the Rankine vortex as an approximation to the fully
developed vortex form; however, the method can be implemented
using more realistic vortex models. Inherent in the use of a Rankine
vortex model is the assumption that the radius of the vortex core is
the dominant scaling parameter in the ¯ ow.

As the vast majority of ¯ ows where compressibility is important
also have high Reynolds number, some assumptions applicable to
¯ ows with high Reynoldsnumberare utilized.In particular,the anal-
ysis shares some characteristics with integral methods commonly
used for boundary layers. First, the effect of vortex core growth
on the irrotational outer ¯ ow is neglected in the same way that
boundary-layergrowth is assumed to not affect the surface pressure
distribution in a boundary-layercalculation. This approximation is
considered reasonable within the constraints of the analysis, i.e.,
in the absence of ¯ ow stagnation or vortex breakdown, when ¯ ow
outside the vortex core is known to remain relatively unaffected by
changes in the core region.5 Second, to integrate across the vortex
core, a postdisturbanceaxial velocitypro® le is chosen in advancein

Fig. 2 Schematic of the ¯ ow model used for the NSVI analysis.

the same way that a velocity pro® le is speci® ed a priori in integral
boundary-layermethods.

Figure 2 shows an annotatedschematicof the ¯ ow model used for
theanalysis.S1, S2, andS3 representthreestationsalonganaxisym-
metric vortex with axis OX. Flow between S1 and S3 is assumed to
be inviscid, steady, and compressible, and line ABC indicates the
edge of the vortex core outside of which the ¯ ow is assumed to be
irrotational. The prescribed vortex velocity distributions at S1 are
as follows.

1) Axial velocity u1 = const = U1 for all r1.
2) Swirl velocity v1 is given by

v1 = K 1 R1/ r1 (r1 ¸ R1)

v1 = K 1r1/ R1 (r1 · R1)

3) Radial velocity w1 = 0.
For an axisymmetric compressible vortex with the mentioned

velocity components, the radial momentum equation reduces to

v2
1

r1
=

1

q

@P1

@r1

(1)

To integrate Eq. (1) to obtain the pressure distribution at S1, a rela-
tionshipbetween the density and the pressure is needed.The energy
equation for a perfect gas supplies the following expression for
density in terms of pressure, velocity, and other parameters that are
constant throughout the ¯ ow:

q =
c P/a2

t

1 ¡ DV 2
(2)

Substituting Eq. (2) into Eq. (1) yields

v2
1

r1
=

1 ¡ DV 2

c P1/a2
t

@P1

@r1

(3)

Integration of Eq. (3) from the edge of the core (r1/ R1 = 1) to
the outer streamline (r1/ R1 ! 1 ) using V 2 = U 2

1 + K 2
1(R1/ r1)2

yields

( P1R

P11
)

( c ¡ 1)/ c

=
1 ¡ D(U 2

1 + K 2
1
)

1 ¡ DU 2
1

(4)

Integration of Eq. (3) from a point inside the core to the edge of
the core using V 2 = U 2

1 + K 2
1(r1/ R1)2 yields the pressure distribu-

tion inside the vortex core at S1 as follows:

( P1

P1 1
)

( c ¡ 1)/ c

=
[1 ¡ D(U 2

1 + K 2
1
)]

2

(1 ¡ DU 2
1
){1 ¡ D[U 2

1 + K 2
1(r1/ R1)2]}

(r1 · R1) (5)

Substitution of Eq. (2) into Eq. (5) yields the density distribution
inside the vortex core at S1 to be

q 1

q 11
=

[1 ¡ D(U 2
1 + K 2

1
)]

2 c / ( c ¡ 1)

{1 ¡ D[U 2
1 + K 2

1(r1/ R1)2]}
(2c ¡ 1)/ ( c ¡ 1)

(1 ¡ DU 2
1
)

1/ ( c ¡ 1)

(r1 · R1) (6)
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Fig. 3 Pressure, density, and stagnation pressure distributions at S1
for a streamwise vortex with U1 = 600 m/s, M1 = 2.0, and K 1 = 120 m/s
in air.

Similarly, the distribution of stagnation pressure inside the vortex
core at S1 is given by

( Pt1

Pt11
)

( c ¡ 1)/ c

=
[1 ¡ D(U 2

1 + K 2
1
)]

2

(1 ¡ DU 2
1
){1 ¡ D[U 2

1 + K 2
1(r1/ R1)2]}

2

(r1 · R1) (7)

Typical radialdistributionsof pressure,density,and stagnationpres-
sure for a streamwise compressible vortex used in the analysis are
shown in Fig. 3.

A normalshockis now imposedon thevortexat S2 (see Fig. 2).To
determine the effect of this imposed disturbance, it is assumed that
at a stationS3, a moderatedistancedownstreamofS2, thevortexhas
returned to Rankine form but with variable axial velocity. To ascer-
tain the character of the vortex at S3 in this instance, the following
assumptions are made concerning the irrotationalouter ¯ ow.

1) The imposed pressure rise is applied as a boundary condition
at r ! 1 ; hence,

P3(r ! 1 ) = P31 = P11 + D Pshock

2) The axial velocity outside the vortex core is constant; hence,

u3 = U3 (r3 ¸ R3)

3) The swirl velocity is of irrotational form, differing in magni-
tude from the swirl at S1 by an unknown factor c. Therefore,

v3 = K 1cR3/ r3 (r3 ¸ R3)

4) Radial velocity w3 = 0.
These assumptions may be interpreted as neglecting the feed-

back effect of the perturbed vortex core on the outer ¯ ow. In other
words, as far as the response of the vortex core is concerned, the
form of the outer ¯ ow is unaffected by changes in the vortex core
behind the shock. Having de® ned the outer ¯ ow at S3, the following
assumptions are made concerning ¯ ow inside the vortex core at S3.

1) The radius of the vortex core changes to R3 .
2) The axial velocity distribution inside the vortex core takes the

form

u3 = Ï U 2
30 + (U 2

3 ¡ U 2
30

)(r3/ R3)2 (r3 · R3)

This pro® le is smoothlyvaryinginsidethevortexcore,haszeroslope
at the vortex axis, and matches the outer ¯ ow at the edge of the core.
Whereas use of this velocity pro® le constitutes an approximation
to the real ¯ ow properties at S3, it does represent a shape that is
consistent with the velocity measurements reported in Ref. 5.

3) The swirl velocity has a Rankine vortex form that matches the
outer ¯ ow at the edge of the core

v3 = K 1cr3/ R3 (r3 · R3)

4) Radial velocity w3 = 0.
Given the aforementioned velocity distributions at S3, integra-

tion of the radial momentum equation in a fashion similar to that
performed at S1 yields the pressure distribution inside the vortex
core at S3 as follows:

( P3

P31
)

( c ¡ 1)/ c

= { 1 ¡ D(U 2
3 + ²)

1 ¡ D[U 2
30 + k (r3/ R3)2]}

²/ k

1 ¡ D(U 2
3 + ²)

1 ¡ DU 2
3

(r3 · R3) (8)

The correspondingdensity distribution inside the vortex core at S3
is, therefore,

q 3

q 31
=

[1 ¡ D(U 2
3 + ²)]f

1 + [( k + c ²)/ ( c ¡ 1) k ] g

{1 ¡ D[U 2
30 + k (r3/ R3)2]}f 1 + [ c ²/ ( c ¡ 1) k ] g (1 ¡ DU 2

3
)1/ ( c ¡ 1)

(r3 · R3) (9)

The stagnation pressure distribution at S3 will be dependent on
both the stagnation pressure distribution at S1 and the shock wave
shape and is, therefore, dif® cult to determine. However, the stagna-
tion pressure on the vortex axis can be calculated using the normal
shock relations, as the shock wave must be normal to the ¯ ow at the
vortex axis.

The listed assumptions imply that, downstream of the shock, the
vortexreturnsto a fullydevelopedformwith an axialvelocitypro® le
that may vary across the vortex core. As already noted, streamwise
vortices are more easily decelerated by a ¯ ow retardation than the
surrounding ¯ ow. The assumed u3 pro® le in the vortex core allows
the core to develop a wakelike pro® le at S3 in response to the im-
posed pressure rise. It must be clearly stated, however, that ¯ ow
properties at S3 are not assumed a priori to have a wakelike axial
velocity,an enlargedcore, or a reduced swirl. Whether each of these
characteristics of the ¯ ow® eld increases or decreases between S1
and S3 is determined by solution of the conservation equations.

Now that the form of the vortical ¯ ow at S3 has been established,
the vortex core ¯ ow at S1 and S3 can be related by the conserva-
tion equations to determine the unknowns at S3, namely, U30

, R3,
and c. The three equations used to solve for the unknowns are 1)
conservationof mass ¯ ow in the vortex core between S1 and S3, 2)
conservationof angular momentum ¯ ow in the vortex core between
S1 and S3, and 3) Bernoulli’s equation at the vortex axis between
S1 and S3.

Conservation of Mass Flow in the Vortex Core

Equating the mass ¯ ow through stations S1 and S3 in the vortex
core leads to the relation

q 11 U1 * R1

0

q 1

q 1 1
r1 dr1 = q 31 * R3

0

q 3

q 31
u3r3 dr3

For a normal shock, q 2 1 / q 11 is a function of M1 as follows:

q 2 1
q 1 1

=
U1

U2
=

( c + 1)M2
1

2 + ( c ¡ 1)M2
1

=
1

k
(10)

Properties on the outer streamline (r1/ R1 ! 1 ) do not change
between S2 and S3; hence, P31 = P21 , U3 = U2 , Pt3 1 = Pt2 1 ,
and q 31 = q 21 . Given this, conservationof core mass ¯ ow yields

k R2
1 * 1

0

q 1

q 1 1

r1

R1

d( r1

R1 ) = R2
3 * 1

0

q 3

q 31

u3

U1

r3

R3

d( r3

R3 ) (11)

SubstitutingEqs. (6) and (9) for the density distributionsin Eq. (11)
supplies the full equation for conservationof mass ¯ ow in the vortex
core as follows:

k R2
1[1 ¡ D(U 2

1 + K 2
1
)]

2 c / ( c ¡ 1)

(1 ¡ DU 2
1
)

1/ ( c ¡ 1)
Im1

=
R2

3[1 ¡ D(U 2
3 + ²)]f

1 + [( k + c ²)/ ( c ¡ 1) k ] g

(1 ¡ DU 2
3
)1/ ( c ¡ 1)

Im3
(12)
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where

Im1 =
c ¡ 1

2c D K 2
1

{[1 ¡ D(U 2
1 + K 2

1
)]¡ c / ( c ¡ 1)

¡ (1 ¡ DU 2
1
) ¡ c / ( c ¡ 1)}

and

Im3 = * 1

0

(u3/ U1)(r3/ R3) d(r3/ R3)

{1 ¡ D[U 2
30 + k (r3/ R3)2]}f 1 + [ c ²/ ( c ¡ 1) k ] g

Conservation of Angular Momentum Flow in the Vortex Core

Equating the angularmomentum ¯ ow through stationsS1 and S3
in the vortex core leads to the relation

k R3
1 * 1

0

q 1

q 1 1
( r1

R1 )
3

d( r1

R1 ) = cR3
3 * 1

0

q 3

q 1 3

u3

U1 (
r3

R3 )
3

d( r3

R3 )
(13)

Substituting Eqs. (6) and (9) for the density distributionsin Eq. (13)
supplies the full equation for conservation of angular momentum
¯ ow in the vortex core between S1 and S3 as follows:

k R3
1[1 ¡ D(U 2

1 + K 2
1
)]

2 c / ( c ¡ 1)

(1 ¡ DU 2
1
)1/ ( c ¡ 1)

Ia1

=
cR3

3[1 ¡ D(U 2
3 + ²)]f

1 + [( k + c ²)/ ( c ¡ 1) k ] g

(1 ¡ DU 2
3
)

1/ ( c ¡ 1)
Ia3

(14)

where

Ia1 =
c ¡ 1

2 c D2 K 4
1

(1 ¡ DU 2
1
){[1 ¡ D(U 2

1 + K 2
1
)]

[ ¡ c / ( c ¡ 1)]

¡ (1 ¡ DU 2
1
)

[ ¡ c / ( c ¡ 1)]} ¡
c ¡ 1

2D2 K 4
1

£ {[1 ¡ D(U 2
1 + K 2

1
)]¡ [1/ ( c ¡ 1)]

¡ (1 ¡ DU 2
1
) ¡ [1/ ( c ¡ 1)]}

and

Ia3 = * 1

0

(u3/ U1)(r3/ R3)3 d(r3/ R3)

{1 ¡ D[U 2
30 + k (r3/ R3)2]}f 1 + [ c ²/ ( c ¡ 1) k ] g

Bernoulli’s Equation at the Vortex Axis
Bernoulli’s equation cannot be applied across the shock wave;

however, it can be used downstreamof the shock to relate properties
at S2 and S3. Application of the compressible Bernoulli’s equation
at the vortex axis between stations S2 and S3 yields

DU 2
2 + ( P20

P21
)

( c ¡ 1)/ c

( P21
Pt20

)
( c ¡ 1)/ c

= DU 2
3 + ( P30

P3 1
)

( c ¡ 1)/ c

( P3 1
Pt30

)
( c ¡ 1)/ c

(15)

Given that the shock is normal at the vortex axis, we have
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2 c
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Use of Eqs. (10), (16a), and (16b) enables the left-hand side of Eq.
(15) to be expressed in terms of prescribed properties as follows:
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The stagnationpressuredoes not change along streamlinesbetween
S2 and S3; hence,

( P31 / Pt30
) = ( P2 1 / Pt20

) = ( P11 / Pt10
)( W p/ W t ) (18)

Using Eq. (18) and substituting Eqs. (5) and (8) for the pressure
distributions,Bernoulli’s equation leads to the following relation:
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Results and Discussion
Equations (12), (14), and (19) are three equations in the three

unknowns R3 , c, and U30
. They forma set of simultaneousnonlinear

algebraicequationsand can be solvedusinga Newton±Raphsonroot
® nding technique for a given set of prescribed ¯ ow conditions. A
Fortran computer program was written to perform this task. As is
usual in the solution of sets of nonlinear algebraic equations, it was
found that the choice of the initial estimate for the three unknowns
was criticalfor a meaningfulsolutionof the equationset to be found.
In general, the use of initial estimates R3/ R1 = 1.0, U30 = U3, and
c = 1.0 led to quick convergence.

This analysis can be used for two different tasks. First, it can
be used to determine the state of a given supersonic streamwise
vortex after the imposition of a shock that does not induce vortex
breakdown. Second, it can be used to predict the vortex strength
above which the imposition of a shock produces a stagnation point
at the vortex axis, i.e., vortex breakdown. A typical result of use of
the analysis for the ® rst task is shown in Table 1. The ® rst column
of Table 1 shows the properties of a typical streamwise vortex in a
Mach 2.0 air¯ ow; the secondcolumnshows the predictedproperties
in thevortexwelldownstreamofa normalshock(P3 1 / P1 1 = 4.50).
The strength of the incoming vortex is characterized in the current
work by the swirl ratio s = K 1/ U1 , which for the example is s =
0.20. As expected,the ¯ ow responds to the shockwith an expansion
of the vortex core, a reduced swirl velocity, and development of a
wakelike streamwise velocity pro® le.

It is interestingto examinetheshockinducedchangesin thevortex
in comparisonto thecase of an incompressiblevortexin thepresence
of an adverse pressure gradient. Hall11 attributed the breakdown of
an incompressible vortex to vortical magni® cation of the imposed
pressure rise. In the notation of the current work, a corresponding
magni® cation would be indicated by a value of (P30 ¡ P10

)/ ( P31 ¡
P11 ) > 1.0. In the current example (P30 ¡ P10

)/ ( P31 ¡ P1 1 ) =
0.924, and so the pressurerise of the imposed shock is not magni® ed
at the vortex axis. Although vorticalpressuremagni® cation does not
occur, it is clear that the normal shock moves the vortex closer to
breakdown, as indicated by the wakelike axial velocity after the
shock. A useful parameter for gauging the closeness of a vortex to
its breakdown limit is x 0, the normalized difference between the
stagnation and static pressure at the vortex axis, which approaches
zero as the vortex stagnates.For the example listed in Table 1, x 0 =
0.872 in the undisturbed vortex and x 0 = 0.285 after the shock.

Table 1 Vortex properties before and after a shock
that does not induce breakdown

Properties after imposed
Incoming vortex normal shock (P31 / P1 1 = 4.50)

M1 = 2.0 M3 = 0.577
U1 = 600 m/s U3 = 225.0 m/s
a1 = 300 m/s U30 = 157.3 m/s
K 1 = 120 m/s R3/ R1 = 1.045
s = K 1/ U1 = 0.20 K 3 = c K 1 = 109.4 m/s
P10 / P1 1 = 0.796 P30 / P31 = 0.896
q 10 / q 11 = 0.796 q 30 / q 31 = 0.866
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The signi® cant reduction in x 0 across the shock, in the absence of
pressure magni® cation at the vortex axis, indicates that the physical
mechanisms that lead to shock induced breakdown are different
from those that occur when an incompressiblevortex encountersan
adverse pressure gradient.

The main interest of the current work is to use the analysis to
determine a breakdown limit for NSVI. The onset of vortex break-
down in this case is signi® ed by U30 = 0. Because the derived
equations must be solved as a set, the best way to determine the
vortex breakdown limit for a given external ¯ ow is to increase the
swirl ratio gradually over a number of runs until U30 / U1 = 0. For
example,havingchosen the incomingfreestreampropertiesandnor-
mal shock strength (c , U1, and M1), the analysis can be performed
for a very weak vortex, i.e., s = K 1/ U1 ¼ 0. In this instance the
analysis converges to a solution at S3 very close to that behind a
normal shock, with uniformaxial velocity and no change in the core
radius or swirl. Gradual increase of s leads to a solution at S3 with
wakelikestreamwisevelocity,an expandedvortexcore,and reduced
swirl magnitude. For a typical case with c = 1.4, M1 = 2.0, and
U1 = 600 m/s, these trends continue until the axial velocity at the
vortex axis stagnates when s = 0.238 and the system of equations
does not converge for larger values of s . This method has been used
to obtain the vortex breakdown limit for a range of vortex strengths
and freestreamMach numbers, the results of which have been used
to generate a breakdown limit curve for NSVI. Note that the depen-
dence of the shock strength on M1 dictates that the breakdown limit
for all uniform axial velocity supersonic vortices fall on a single
curve of s vs M1.

Figure 4 shows the NSVI breakdown limit curve predicted us-
ing the current analysis. As can be seen from Fig. 4, an inverse
relationship between the freestream Mach number and swirl ratio
is predicted at breakdown, i.e., as M1 increases the pressure ratio
across the normal shock intensi® es and the swirl ratio needed to
cause breakdown is reduced. This breakdown limit curve can be di-
rectly comparedwith the NSVI experiments and inviscidnumerical
simulations involving uniform velocity vortices reported by Delery
et al.,5 which have been included in Fig. 4. At Mach numbers less
than 2 the current analysis shows good correlation with both the
experimental and numerical simulation breakdown limits. Above
Mach 2, the current breakdown prediction is slightly higher than
that reported by Delery et al.5 but does exhibit the same leveling off
of the swirl ratio requiredfor breakdownas M1 increases. In general
the results of the current analytical method show good correlation
with NSVI breakdown limits established by existing experimental
data and numerical simulation.5

Results of the NSVI experiments reported in Ref. 7 are plotted
with respect to the current breakdown limit in Fig. 5. In contrast to
Ref. 5, thesedata do not correspondto pointson the breakdownlimit
but to experiments involving particular vortex/shock combinations
that were observed to either lead to vortex breakdown or not. Be-

Fig. 4 Breakdown limit curve for NSVI in air.

Fig. 5 Comparision of the NSVI breakdown limit curve with experi-
mental data from Refs. 7 and 8.

cause the injector generated vortices involved in these experiments
were observedto havea wakelikeaxialMach number, the freestream
velocity was not an appropriate parameter to be used for calculat-
ing the characteristic swirl ratio of the vortices. As an alternative,
s = (Msw/ Max)max was used as an approximate characteristicswirl
ratio applicable to the nonuniformaxial velocityvortices.When the
swirl ratio is calculated in this manner, the current breakdown limit
curve correctly predicts the presence of vortex breakdown in all but
one of the NSVI experiments.7

The accuracy with which the current analysis reproduces the
established NSVI breakdown limit curve5 and correctly predicts
breakdown in a number of NSVI experiments7 is encouraging,par-
ticularly given the relative simplicity of the ¯ ow model. This sug-
gests that, after the abrupt pressure rise imposed by a normal shock,
a streamwise vortex does, in fact, attempt to return to a fully devel-
oped form, and the inability to do this leads to vortex breakdown.
Modeling vortex breakdown as a dynamic phenomenon similar to
boundary layer separation,therefore,appears to be a valid approach
for NSVI. The accuracyof the current results also indicates that full
numerical simulation is not needed to predict the onset of vortex
breakdown in NSVI. The numerical breakdown limit of Ref. 5 was
developed by performing a large number of numerical simulations
over a range of vortex/shock combinations, requiring signi® cant
computationalresources.As well as supplyinginsight into the phys-
ical mechanisms that lead to vortex breakdown in NSVI, the current
analysis supplies a comparable breakdown limit to that reported
in Ref. 5 while requiring orders of magnitude less computational
resources.

A Rankine vortex with constant total enthalpy was used as a vor-
tex model in the current work. However, the ¯ ow model can be ap-
plied to more realistic vortex models that include nonuniform axial
velocity, nonuniform total enthalpy, and Burgers’ vortex swirl dis-
tributions.Extension of the analysis to include these characteristics
simply requires that all integrations used to determine pressure dis-
tributions,mass ¯ ows, and angular momentum ¯ ows be performed
numerically.The current¯ ow model, therefore,canbeused to obtain
theoretical estimates of postshockvortex propertiesand breakdown
limits for NSVI involving a wide variety of vortex types.

NSVI Experiments
A series of NSVI experiments were performed in conjunction

with the current analysis, the full results of which are reported in
Kalkhoran et al.8 The experimental con® guration involved posi-
tioningan unswept rectangularhalf-wingupstreamof a chokedpitot
type air intake in a Mach 2.5 ¯ ow. In the experiments,the supersonic
wing tipvortexgeneratedby the half-wingat angleof attackencoun-
tered the normal shockwave standingin front of the intake.Shadow-
graph images taken during the experiments are interpreted here in
light of the current predictionsof NSVI induced vortex breakdown.
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Measurements of the supersonic wing tip vortices generated by
the half-wingat a = 5.7 and 10.4 deg were reportedin Ref. 16.These
measurements showed that the wing tip vortices have a slightly
asymmetric Burger-like swirl distribution in combination with a
wakelike axial Mach number. As noted, a breakdown limit curve
particular to each wing tip vortex could be developed using the
observed wakelike axial Mach number distributions. However, for
ease of comparison, breakdown predictions in the current work
are performed using the breakdown limit curve of Fig. 4 and the
approximate characteristic swirl ratio introduced in Ref. 7; i.e.,
s = (Msw/ Max)max. In other words, the behavior of the wing tip
vortices in the presenceof imposed normal shock waves is assumed
to be similar to a vortex with uniform axial velocity and a swirl
ratio equal to the maximum that occurs in the wing tip vortex. Max-
imum swirl ratios of s 5.7 = 0.18 and s 10.4 = 0.32 characterize the
measured properties of the a = 5.7 and 10.4 deg vortices, respec-
tively. An image of the NSVI involving the vortex generated by the
half-wing at a = 2.5 deg is also presented.Unfortunately,a full sur-
vey of this vortex has not been conducted, so that the characteristic
swirl ratio for this vortex is interpolatedusing a parabolic equation
that passes through the higher angle-of-attackvalues and the origin
( a = 0 deg, s = 0.0), giving s 2.5 = 0.08.

Instantaneousshadowgraphimages of the undisturbedchokedin-
let and the NSVI involving the a = 2.5, 5.7, and 10.4 deg vortices
are shown in Figs. 6a±6d. Flow is from left to right in the images,
and the stronger wing tip vortices in Figs. 6c and 6d can be seen to
convectdownstreamfrom the wing toward the intake. It is clear even
from a casual comparison of the images that the NSVI structure is
strongly dependent on the vortex strength. Figure 6a shows a shad-
owgraph image of the ¯ ow® eld with no half-wing, indicating that
the undisturbed shock wave standing in front of the choked intake
is smooth and normal to the freestream. Figure 6b shows an instan-
taneous image of the ¯ ow® eld generated by the NSVI involving the
a = 2.5 deg vortex. The addition of the vortex can be seen to pro-
duce an upstreambulgingof the shock wave, which was observedto
exhibit some small-amplitudeunsteadiness.Based on a comparison
of Figs. 6a and 6b, it is clear that the ¯ ow® eld reorganization char-
acteristicof vortex breakdown is not induced by the introductionof
the a = 2.5 deg vortex.

The instantaneous shadowgraph images of the interactions in-
volving the a = 5.7 and 10.4 deg vortices shown in Figs. 6c and
6d indicate a dramatically different ¯ ow structure from Fig. 6b. In
these instances, introduction of the vortices produces a signi® cant
upstream movement of the shock wave, which in turn generates a
conical expansion of the vortex core well upstream of the intake.
The images show a very interestingtwo-zonestructure,describedin
Ref. 9 to be a subsonic internal ¯ ow containingthe vortex core, sur-
roundedbya supersonicouter ¯ ow. Both theseNSVI ¯ ow® eldswere
observed to undergo large-amplitude¯ uctuations,with the position
of the conical apex oscillating between 30 and 80 mm upstream of
the intake. The instantaneous images shown in Figs. 6c and 6d are
typical for the respective ¯ ows and indicate that whereas the in-
coming vortex strengths are signi® cantly different, the structure of
both NSVI are quite similar. Some features commonly associated
with incompressible vortex breakdown can be clearly seen when
comparing Figs. 6c and 6d to the undisturbed ¯ ow in Fig. 6a, par-
ticularly the drastic reorganizationof the ¯ ow and expansionof the
vortex core. De® nitive proof of the presence of a stagnation point
and/or a recirculation region, however, was not reported in Ref. 8
due to the extremedif® culty of thesemeasurements.The term vortex
distortion was used in Ref. 9 to describe the observed structure.

Data points representing these NSVI experiments are included
in Fig. 5. The point corresponding to the interaction involving the
a = 2.5 deg vortex falls below the breakdown limit curve. The cur-
rent analysis, therefore,predicts no vortex breakdown for this inter-
action, a result consistent with the smooth, slightly distorted shock
wave shown in Fig. 6b. The points correspondingto the interactions
involving the a = 5.7 and 10.4 deg vortices are above the break-
down limit curve; hence, vortex breakdown is predicted for these
interactions.There would appear to be some correlationbetween the
presence of vortex distortion in Figs. 6c and 6d and the prediction
of vortex breakdown by the analysis.Given the accuracy of the cur-
rent breakdown limit curve, and in light of recent measurements of

a) Choked inlet with no vortex

b) NSVI involving the ® = 2.5 deg wing tip vortex

c) NSVI involving the ® = 5.7 deg wing tip vortex

d) NSVI involving the ® = 10.4 deg wing tip vortex

Fig. 6 Shadowgraph images of the NSVI experiments.

supersonicvortex breakdown during vortex/cylinder interactions,17

this correlation may be interpreted as circumstantial evidence that
vortex distortion is, in fact, a form of vortex breakdown.

Conclusions
An inviscid analysis designed to predict the onset of breakdown

in NSVI has been presented. The analysis is based on a simpli® ed
model of the interaction, in which the rotationalcore of the vortex is
treated as a slender swirling layer and a number of approximations
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familiar from integral boundary layer methods are utilized. Vortex
breakdown is presumed to occur when the perturbed vortex is not
able to return to its fully developed form downstream of the shock
without ¯ ow stagnation in its core region. This analysis supplies a
breakdown limit curve indicating an inverse relationship between
vortex swirl and freestream Mach number at breakdown. Compari-
son of this breakdown limit with established experimental data and
results of inviscid numerical simulations showed that the analyti-
cal method accuratelypredicts vortex breakdown over a wide Mach
numberrange.The goodcorrelationbetweenestablishedbreakdown
limits and this analysis suggests that the current model contains
the dominant physical mechanisms that lead to normal shock wave
induced vortex breakdown and that numerical simulation is not re-
quiredto predicttheonsetof vortexbreakdownin these¯ ows.Vortex
breakdownpredictionswere also found to correspondwith the pres-
ence of vortex distortion in a number of NSVI experiments. This
fact was interpretedas circumstantialevidencethat vortexdistortion
is a form of vortex breakdown.
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